We study some stronger forms of sensitivity, namely, F -sensitivity and weaklyF -sensitivity for non-autonomous discrete dynamical systems. We obtain a condition under which these two forms of sensitivity are equivalent. We also justify the difference between F -sensitivity and some other stronger forms of sensitivity through examples. We explore the relation between the F -sensitivity of the nonautonomous system (X, f1,∞) and autonomous system (X, f ), where fn is a sequence of continuous functions converging uniformly to f . We also study the F -sensitivity of a non-autonomous system (X, f1,∞), generated by a finite family of maps F = {f1, f2, . . . , f k } and give an example showing that such non-autonomous systems can be F -sensitive, even when none of the maps in the family F is F -sensitive.
Introduction
Beginning with the contributions of Poincaré and Lyapunov, theory of dynamical systems has seen significant developments in recent years. This theory has gained considerable interest and has been found to have useful connections with many different areas of mathematics. An autonomous discrete dynamical system is a dynamical system which has no external input and always evolves according to the same unchanging law. Most of the natural systems in this world are subjected to time-dependent external forces and their modelling leads to a mathematical theory of what is called non-autonomous discrete dynamical system. The theory of non-autonomous dynamical systems helps characterizing the behaviour of various natural phenomenons which cannot be modelled by autonomous systems. Over recent years, the theory of such systems has developed into a highly active field related to, yet recognizably distinct from that of classical autonomous dynamic systems [3, 9, 6, 14] . We first introduce some notations. Consider the following non-autonomous discrete dynamical system (N.D.S) (X, f 1,∞ ):
where (X, d) is a compact metric space and f n : X → X is a continuous map. For convenience, we denote (f n ) ∞ n=1 by f 1,∞ . Naturally, a difference equation of the form x n+1 = f n (x n ) can be thought of as the discrete analogue of a non-autonomous differential equation
Chaos is a universal dynamical behavior of nonlinear dynamical systems and one of the central topics of research in nonlinear science. It is well known that sensitivity characterizes the unpredictability of chaotic phenomena, and is one of the essential conditions in various definitions of chaos. Therefore, the study on sensitivity has attracted a lot of attention from many researchers. For continuous self maps of compact metric spaces, Moothathu [10] gave an insight of some stronger forms of sensitivity based on the largeness of subsets of N. Since then several other stronger forms of sensitivity have been studied by different researchers for both autonomous and non-autonomous systems [4, 7] .
In [15] , the authors introduced and studied the concept of sensitivity via Furstenberg families for autonomous systems. A lot of work has been done in this direction since then [17, 16] . Recently, some researchers have introduced and studied various versions of sensitivity via Furstenberg families for nonautonomous discrete systems [5, 8] . Motivated by all the research done for sensitivity via Furstenberg families, we study F -sensitivity and weakly F -sensitivity for non-autonomous discrete dynamical systems. In section 2, we recall some concepts about Furstenberg families and also give preliminaries required for other sections. In section 3, we study the relations between F -sensitivity and some other stronger forms of sensitivity . We obtain a condition under which F -sensitivity and weakly F -sensitivity for the system (X, f 1,∞ ) are equivalent. We give some characterizations of F -sensitivity. In section 4, we investigate F -sensitivity and weakly F -sensitivity for different non-autonomous systems. We explore the relation between the F -sensitivity of the non-autonomous system (X, f 1,∞ ) and autonomous system (X, f ), where f n is a sequence of continuous functions converging uniformly to f . We also study the F -sensitivity of a non-autonomous system (X, f 1,∞ ), generated by a finite family of maps F = {f 1 , f 2 , . . . , f k } and give an example showing that such non-autonomous systems can be F -sensitive, even when none of the maps in the family F is F -sensitive.
Preliminaries
Let (X, f 1,∞ ) be a non-autonomous dynamical system. For any two open sets U and V of X,
Definition 2.2. The system (X, f 1,∞ ) is said to have sensitive dependence on initial conditions if there exists a constant δ 0 > 0 such that for any x 0 ∈ X and any neighbourhood U of x 0 , there exists y 0 ∈ X ∩U and a positive integer n such that d(x n , y n ) > δ 0 , where {x i } ∞ i=0 and {y i } ∞ i=0 are the orbits of the system (X, f 1,∞ ) starting from x 0 and y 0 respectively, the constant δ 0 > 0 is called a sensitivity constant of the system (X, f 1,∞ ). Here (x i ) ∞ i=0 = {x ∈ X such that f i 1 (x), i ≥ 1}. Thus, system (X, f 1,∞ ) has sensitive dependence on initial conditions or is sensitive in X if there exists a constant δ > 0 such that for any non-empty open set V of X, N f1,∞ (V, δ) is non-empty, where N f1,∞ (V, δ) = {n ∈ N such that, there exist Now, we recall some concepts related to Furstenberg families. Let P be the collection of all subsets of Z + . A collection F ⊆ P is called a Furstenberg family , if it is hereditary upwards, that is, F 1 ⊂ F 2 and F 1 ∈ F implies F 2 ∈ F . A family F is proper if it is a proper subset of P, that is, it is neither whole P nor empty. Throughout this paper, all Furstenberg families are proper. For a Furstenberg family F , the dual family
Clearly, if F is a Furstenberg family, then so is k F . One can note that k (k F ) = F . Note that the family B of all infinite subsets of Z + is a Furstenberg family and k B is the family of all cofinite subsets of Z + .
For Furstenberg families F 1 and
F is said to be filterdual if F is proper and k F .k F ⊆ k F . A Furstenberg family F is said to be translation invariant if for any F ∈ F and any i ∈ Z + , F + i ∈ F and F − i ∈ F . Let A ⊆ X and x ∈ X. If N f1,∞ (x, A) ∈ F , then x is called an F -attaching point of A. The set of all F -attaching points of A is called the F -attaching set of A and is denoted by F (A). Clearly,
Let (X, f 1,∞ ) be a N.D.S. A Furstenberg family F is compatible with the system (X, f 1,∞ ) if the Fattaching set of U is a G δ set of X, for each open set U of X. Throughout this paper, we will use the following relations on X. For a given δ > 0:
Definition 2.6. The system (X, f 1,∞ ) is weakly F − sensitive if there exists a positive δ > 0, such that for every open subset U of X, there exists x, y ∈ U such that the pair (x, y) is not
Definition 2.7. The system (X, f 1,∞ ) is F − sensitive if there exists a positive δ > 0, such that for every x ∈ X and every open neighbourhood U of x, there exists y ∈ U such that the pair (x, y) is not F -δ-asymptotic, that is, the set N f1,∞ (U, δ) ∈ F , where δ > 0 is an F -sensitive constant.
Let X be a topological space and K(X) denote the hyperspace of all non-empty compact subsets of X endowed with the Vietoris Topology. A basis of open sets for Vietoris topology is given by following sets:
denotes the open ball in X centred at a and of radius ǫ. The Hausdorff metric on K(X) induced by d, denoted by d H , is defined as follows:
where A, B ∈ K(X). We shall recall that the topology induced by the Hausdorff metric coincides with the Vietoris topology if and only if the space X is compact. Also, for a compact metric space X and
Let F (X) denote the set of all finite subsets of X. Under Vietoris topology, F (X) is dense in K(X) [12, 1] . Given a continuous function f : X → X, it induces a continuous function f :
Note that continuity of f implies continuity of f .
Let (X, f 1,∞ ) be a non-autonomous discrete dynamical system and f n be the function on K(X), induced by f n on X, for every n ∈ N. Then the sequence f 1,∞ = (f 1 , f 2 , . . . , f n , . . .) induces a nonautonomous discrete dynamical system (K(X), f 1,∞ ), where f
) is a non-autonomous dynamical system, where (X × Y ) is a compact metric space endowed with the product metric [11] . Let (X, d) be a compact metric space and let C(X) denote the collection of continuous self-maps on X. For any f, g ∈ C(X), the Supremum metric is defined by
). It is easy to observe that a sequence (f n ) in C(X) converges to f in (C(X), D) if and only if f n converges to f uniformly on X and hence the topology generated by the Supremum metric is called the topology of uniform convergence. The k-th iterate is considered as (X, f
We recall the following results:
Lemma 2.1 (Corollary 2.2, [18] ). Assume that the non-autonomous system (X, f 1,∞ ) converges uniformly to a map f . Then for any ǫ > 0 and any k ∈ N, there exists η(ǫ) > 0 and N (k) ∈ N such that for any pair x, y ∈ X with d(x, y) < η(ǫ) and any
Lemma 2.2 (Corollary 1, [2] ). Let (X, f 1,∞ ) be a N.D.S generated by a family f 1,∞ and let f be any continuous self map on X. If the family f 1,∞ commutes with f then for any x ∈ X and any k ∈ N,
3 Relations of F -sensitivity with some other stronger forms of sensitivity.
In this section, we present our results about F -sensitivity and weaklyF -sensitivity of the non-autonomous systems and discuss a condition under which these two are equivalent. We also give an example to show that F -sensitivity need not imply syndetic sensitivity and cofinite sensitivity.
Theorem 3.1. Let (X, f 1,∞ ) be a non-autonomous system and F be a filterdual. Then (X, f 1,∞ ) is weakly F -sensitive if and only if it is F -sensitive.
Proof. First suppose that (X, f 1,∞ ) is F -sensitive, with constant of F -sensitivity δ > 0. Let U be any open set in X. For any x ∈ U , since U is an open neighbourhood of x, by F -sensitivity of (X, f 1,∞ ), there exists a y ∈ U such that (x, y) is not F − δ-asymptotic. Therefore, U contains a pair (x, y) which is not F − δ-asymptotic and hence (X, f 1,∞ ) is weakly F -sensitive. Conversely, suppose that (X, f 1,∞ ) is weakly F -sensitive, with constant of weaklyF -sensitivity δ > 0. If (X, f 1,∞ ) is not F -sensitive, then for each δ > 0, there exist x ∈ X and an open neighbourhood U of x such that {n ∈ N :
Since F is filterdual, using triangle inequality, we get that
is weakly F -sensitive, even when F is not filterdual.
Lemma 3.1. Let (X, f 1,∞ ) be a N.D.S. A Furstenberg family F is compatible with system (X, f 1,∞ ) if and only if the k F -attaching set of V is a F σ set of X for each closed subset V of X.
Therefore, we have that k F (V ) = X \ F (X \ V ). Hence, k F (V ) is an F σ -set if and only if F (X \ V ) is a G δ -set which is true by definition.
The following result gives characterizations for the F -sensitivity of non-autonomous system (X, f 1,∞ ).
If the Furstenberg family F is a filterdual and is compatible with the system (X × X, f 1,∞ × f 1,∞ ), then the following are equivalent.
2. There exists a positive δ such that for every x ∈ X, Asym δ (F )(x) is a first category subset of X.
3. There exists a positive δ such that Asym δ (F ) is a first category subset of X × X.
There exists a positive
Proof.
(1) =⇒ (2) We have that F is compatible with the system (X × X, f 1,∞ × f 1,∞ ), so by Lemma
Suppose that for each δ > 0, there exists x ∈ X such that Asym δ (F )(x) is not of first category, then by Baire's Category Theorem there exists an open subset U of X such that U ⊂ A i (x), for some i. Hence, for each y ∈ U , N f1,∞ ((x, y), V δ ) ∈ k F and since F is filterdual, using triangle inequality we get that
∈ F , which contradicts that (X, f 1,∞ ) is weakly F -sensitive. (2) =⇒ (3) We know that Asym δ (F ) = k F (V δ ), therefore by Lemma 3.1, we get that
. If Asym δ (F ) is not first category, then by Baire's Category Theorem, some A i has non-empty interior. If U × V ⊂ A i and x ∈ U , then V ⊂ A i . Hence, Asym δ (F )(x) is not first category. 
Thus, we have proved that (1), (2) and (3) are equivalent. (2) =⇒ (4) We first observe that
Since, complement of a first category set is dense in a Baire's Space, we get the required result. (4) =⇒ (1) Let U be any open set in X. Since F (X × X \ V δ ) is dense in X × X, therefore we have U × U F (X × X \ V δ ) is non-empty which implies U × U X × X \ Asym δ (F ) is non-empty. Thus, there exists (x, y) ∈ U × U such that (x, y) / ∈ Asym δ (F ). Hence, (X, f 1,∞ )is weakly F -sensitive. (1) ⇐⇒ (5) follows directly from Theorem 3.1.
The following example justifies that an F -sensitive non-autonomous system need not be syndetic sensitive and cofinite sensitive. , and any open neighbourhood U of x, we will get a y ∈ U such that (x, y) is not an F -asymptotic pair for (Σ 2 , f 1,∞ ). Therefore, (Σ 2 , f 1,∞ ) is F -sensitive. Note that in the above example, the non-autonomous system (Σ 2 , f 1,∞ ) is not cofinite sensitive because for any open set U ∈ Σ 2 , the compliment of the set N f1,∞ (U ) is not finite. Also, this system is not syndetically sensitive because the set N f1,∞ (U ) has unbounded gaps, for any open set U ∈ Σ 2 . Thus, F -sensitivity need not imply cofinite sensitivity and syndetic sensitivity.
F -sensitivity for different non-autonomous dynamical systems
In this section, we investigate F -sensitivity and weakly F -sensitivity for different non-autonomous systems. In the following theorem, we discuss the relation between the F -sensitivity of a non-autonomous system (X, f 1,∞ ) and its hyperspace (K(X), f 1,∞ ).
Theorem 4.1. Let (X, f 1,∞ ) be a non-autonomous dynamical system and let k F be filterdual. Then,
Proof. Let (K(X), f 1,∞ ) be F -sensitive with constant of F -sensitivity δ > 0. For any ǫ > 0 and
Conversely, assume that (X, f 1,∞ ) is F -sensitive with constant of F -sensitivity δ > 0. Since F (X) is dense in K(X), it suffices to prove the result for (F (X), f | F (X) ).
Let A = {x 1 , x 2 , . . . , x k } ∈ F (X) and ǫ > 0 be arbitrarily chosen. Then F -sensitivity of (X, f 1,∞ ) implies that the set {n ∈ N: diamf
For any n ∈ Σ, there exists (y 1 , y 2 , . . . ,
Note that B ∈ F (X) and d H (A, B) < ǫ. Therefore,
Remark 4.1. Note that the sufficiency part of the above theorem doesn't require F to be a filterdual. 
Proof. Let (X, f ) be F -sensitive with constant of F -sensitivity δ > 0. Let ǫ > 0 be given and U = B(x, ǫ) be a non-empty open set in X. As
1 (x))) < 1/m, for every x ∈ X and every k ∈ N. As f 
Thus, we obtain v
Conversely, let (X, f 1,∞ ) be F -sensitive with constant δ > 0, U be a non-empty open set in X and m ∈ N be such that 1/m < δ/4. Then there exists n 0 ∈ N such that d(f
1 (x))) < 1/m, for every x ∈ X and every k ∈ N. Since (X, f 1,∞ ) is F -sensitive, therefore for any n ∈ N, the set {k
Hence, we obtain v
Proof. For any fixed k ≥ 2, as (X, f 1,∞ ) is F -sensitive with constant of F -sensitivity δ > 0, therefore, for any x ∈ X and any ǫ > 0, there exists y ∈ B d (x, ǫ) such that (x, y) / ∈ Asym ǫ (F ). Hence, there exists
(y)) > δ. Now, by Lemma 2.1, we have that for any given δ > 0, there exist η > 0 and N 0 ≥ 3k such that for any pair (x, y) ∈ X with d(x, y) < η, we have
1 is uniformly continuous, therefore for given δ > 0, there exists ǫ ′ > 0 such that
Hence, for any x ∈ X and any ǫ < ǫ ′ , we have n x (ǫ) > 2N 0 ≥ 6k. By division algorithm, there exists i 0 ∈ {0, 1, 2, . . . , n − 1} such that n x (ǫ) = kl + i 0 , for some l ∈ N which implies n x (ǫ) − i 0 = kl. Combining this with the fact that for any ǫ < ǫ
1,∞ ) is F -sensitive, with F -sensitivity constant 0 < δ 0 < η. 1,∞ ) is F -sensitive, for any k ∈ N, then in particular for n = 1, we get that f In [13] , the authors have investigated various dynamical properties of a non-autonomous system generated by a finite family of maps. We explore F -sensitivity for such non-autonomous systems.
Theorem 4.4. Let (X, f 1,∞ ) be a non-autonomous system generated by a finite family of maps, F = {f 1 , f 2 , . . . , f k }. If the autonomous system (X, f k • f k−1 • . . . • f 1 ) is F -sensitive, then (X, f 1,∞ ) is also F -sensitive.
Proof. Let x ∈ X and U be any open neighbourhood of x. Suppose (X, f k , f k−1 • f 1 ) is F -sensitive with F -sensitivity constant δ > 0. By F -sensitivity of (X, f k • f k−1 • . . . • f 1 ), we get a y ∈ U such that the set {n ∈ N : d((f In the following example, we show that the non-autonomous system generated by the family F can be F -sensitive, even when none of the maps in the family F is F -sensitive. 4 − 4x, for x ∈ 3 4 , 1 . is F -sensitive and hence by Theorem 3.6, the non-autonomous system (X, f 1∞ ) is F -sensitive.
